Abstract. We associate to each iterated function system consisting of ϕ-max-contractions an operator (on the space of continuous functions from the shift space on the metric space corresponding to the system) having a unique fixed point whose image turns out to be the attractor of the system. Moreover, we prove that the unique fixed point of the operator associated to an iterated function system consisting of convex contractions is the canonical projection from the shift space on the attractor of the system.
Introduction
The importance of the concepts of shift space (or the code space) and canonical projection associated to an iterated function system in the description of topological properties of the attractor of such a system was pointed out in several papers like [1] (where the theory of fractal tops is treated), [5] (where the shift space and the canonical projection for an infinite iterated function system are studied) and [3] . A special place in this discussion deserves the paper [8] where the canonical projection between the shift space of an infinite iterated function system and its attractor is presented as a fixed point, in two cases: a) the constitutive functions of the system are uniformly Meir-Keeler; b) the metric space associated to the system is compact and the system consists of a finite number of contractive functions.
As part of the current effort to extend Hutchinson theory concerning iterated function systems to more general frameworks, in [7] , the concept of iterated function system consisting of convex contractions was introduced and the existence and uniqueness of the attractor of such a system was obtained. See also [4] for a more general result in this direction.
In this paper we introduce the concept of iterated function system consisting of ϕ-max-contractions -for short ϕ-max-IFS-(see Definition 2.12) which generalizes the concept of iterated function system consisting of convex contractions (see Definition 2.13). To such a system S we associate an operator G S : C → C, where C stands for the space of continuous functions from the shift space on the metric space corresponding to the system, which has a unique fixed point (see Theorem 3.1) whose image is the attractor of S (see Theorem 3.2) . In this way we provide a new method to prove the existence and uniqueness of the attractor of an iterated function system since the classical approach consists on proving that F S -the fractal operator associated to the system S whose constitutive functions belong to a fixed family F of Picard contractions-is also an element of F .
Moreover, we point out the following two facts:
• In the particular case of an iterated function system consisting of convex contractions the fixed point of G S turns out to be the canonical projection from the shift space on the attractor of the system (see Theorem 3.4) . This is a companion result of those from [8] .
• Since Theorem 3.1 is also valid for a class of iterated function systems involving a possible infinite family of ϕ-max-contractions, abbreviated ϕ-max-PIIFSs (see Definition 4.1 and Theorem 4.4), we raise the following open question: Is it true that the fractal operator associated to a ϕ-max-PIIFS S is a Picard operator whose fixed point is the image of the fixed point of the operator G S ?
Preliminaries Some notations
Given the sets A and B, by B
A we mean the set of functions from A to B.
Given a function
Given a metric space (X, d), by: -P cp (X) we mean the set of non-empty compact subsets of X -P b,cl (X) we mean the set of bounded and closed subsets of X.
Given a metric space (X, d), a subset A of X and ε > 0, by E ε (A), the ε-expansion of A, we mean {y ∈ X | there exists x ∈ A such that d(x, y) < ε}.
The Hausdorff-Pompeiu metric Definition 2.1. The function H : P cp (X) × P cp (X) → [0, +∞), where (X, d) is a metric space, defined by ′ ), a sequence of continuous functions (f n ) n∈N , where f n : X → Y , and K ∈ P cp (X), we have 
for every x, y ∈ X.
The shift space
Given a nonempty set I, we denote the set I N * by Λ(I). Thus Λ(I) is the set of infinite words with letters from the alphabet I and a standard element ω of Λ(I) can be presented as ω = ω 1 ω 2 ...ω n ω n+1 ... .
We endow Λ(I) with the metric described by
Proposition 2.8 (see [2] , Exercise 3.6.2, page 46). If I is a finite set having at least two elements, then (Λ(I), d Λ ) is a Cantor set (i.e. it is compact, perfect and totally disconnected). Proposition 2.9 (see [10] , Theorem 30.3, page 216). Any two Cantor sets are homeomorphic. Proposition 2.10 (see [10] , Theorem 30.7, page 217). Any compact metric space is a continuous image of a Cantor set.
Taking into account the above three results we obtain the following: Proposition 2.11. Given a finite set I having at least two elements and a metric space (X, d), for every K ∈ P cp (X) there exists a continuous function
More notations
Given a nonempty set I, we denote the set I {1,2,...,n} by Λ n (I). Thus Λ n (I) is the set of words of length n with letters from the alphabet I and a standard element ω of Λ(I) can be presented as ω = ω 1 ω 2 ...ω n . By Λ 0 (I) we mean the set having only one element, namely the empty word denoted by λ.
For n ∈ N * , we denote by V n (I) the set ∪ k∈{0,1,2,...,n−1}
Given a nonempty set I, m, n ∈ N and two words ω = ω 1 ω 2 ...ω n ∈ Λ n (I) and θ = θ 1 θ 2 ...θ m ∈ Λ m (I) or θ = θ 1 θ 2 ...θ m θ m+1 ... ∈ Λ(I), by ωθ we mean the concatenation of the words ω and θ, i.e. ωθ = ω 1 ω 2 ...ω n θ 1 θ 2 ...θ m and respectively ωθ = ω 1 ω 2 ...ω n θ 1 θ 2 ...θ m θ m+1 ... . For a family of functions (f i ) i∈I , where f i : X → X, and ω 1 , ω 2 , ..., ω n ∈ I,
Iterated function systems consisting of ϕ-max-contractions Definition 2.12. An iterated function system consisting of ϕ-max-contractions ( ϕ-max-IFS for short) is described by:
-a complete metric space (X, d) -a finite family of continuous functions (f i ) i∈I , where f i : X → X, having the property that there exist a comparison function ϕ : [0, ∞) → [0, ∞) and p ∈ N * such that
We denote such a system by
The fractal operator F S : P cp (X) → P cp (X), associated to the ϕ-max-IFS S, is given by
We say that the ϕ-max-IFS S has attractor if F S is a Picard operator. The fixed point of F S is called the attractor of the system S and it is denoted by A S .
Iterated function systems consisting of convex contractions Definition 2.13 (see Definition 3.1 from [7] ). An iterated function system consisting of convex contractions (IFSCC for short) is described by:
-a complete metric space (X, d) -a finite family of continuous functions (f i ) i∈I , where f i : X → X, such that for every i, j ∈ I there exist a ij , b ij , c ij ∈ [0, ∞) satisfying the following two properties:
for every i, j ∈ I and every x, y ∈ X.
Remark 2.14. Each IFSCC is a ϕ-max-IFS. Indeed, just take p = 2 and the comparison function ϕ :
Theorem 2.15 (see Theorem 3.2 from [7] ). Each IFSCC S has attractor.
Theorem 2.16 (see Theorem 3.2, ii) and Theorem 3.6 from [7] ). Given an IFSCC S = ((X, d), (f i ) i∈I ), the function π : Λ(I) → A S -where A S is the attractor of S-defined by π(ω) = a ω , for every ω = ω 1 ω 2 ...ω n ω n+1 ... ∈ Λ(I), where a ω = lim n→∞ f ω 1 ...ωn (x) for every x ∈ X, has the following properties: a) it is continuous; b) it is onto; c) π
for every i ∈ I, where τ i : Λ(I) → Λ(I) is given by τ i (ω) = iω for every ω ∈ Λ(I).
The function π described by the above theorem is called the canonical projection from Λ(I) to A S .
The metric spaces
Given a nonempty set I and a metric space (X, d), we consider the metric spaces(C b , d u ), where C b = {f : Λ(I) → X | f is continuous and bounded} and
The operator G S : C → C associated to a ϕ-max-IFS S Given a ϕ-max-IFS S = ((X, d), (f i ) i∈I ) and g ∈ C, we can consider the function G S,g : Λ(I) → X described by the equality
Lemma 2.18. For every ϕ-max-IFS S, the function G S,g is continuous.
Proof : Let us suppose that S = ((X, d), (f i ) i∈I ).
The justification of this claim is obvious.
Claim 2. The set τ i (Λ(I)) is open for every i ∈ I.
Justification of claim 2. We have
for every ω ∈ τ i (Λ(I)) and every i ∈ I.
Claim 3. The restriction of G S,g to τ i (Λ(I)) is continuos for every i ∈ I. Justification of claim 3. For every i ∈ I, the restriction of G S,g to τ i (Λ(I)) is f i •g •R, where R : Λ(I) → Λ(I) is given by R(ω 1 ω 2 ω 3 ...) = ω 2 ω 3 .... for every ω = ω 1 ω 2 ω 3 ... ∈ Λ(I). Note that R is continuous since d Λ (R(ω), R(θ)) = 2d Λ (ω, θ) for all ω, θ ∈ Λ(I). As f i and g are continuous, the justification of this claim is done.
Consequently, taking into account the above claims and Theorem 18.2, f), from [9] , we conclude that G S,g is continuous.
Definition 2.19. The operator G S : C → C associated to a ϕ-max-IFS S is given by
Remark 2.20. For a ϕ-max-IFS S = ((X, d), (f i ) i∈I ), we have: a) G
[n]
for every n ∈ N and every ω = ω 1 ω 2 ...ω m ω m+1 ... ∈ Λ(I).
S (g((Λ(I))), for every n ∈ N. Proposition 2.21. The operator G S : C → C associated to a ϕ-max-IFS S is continuous.
Proof. Let us suppose that S =(X, (f i ) i∈I ). It suffices to prove that lim
for every n ∈ N. Note that B 1 is compact. Indeed, since (Λ(I), d Λ ) is compact (see Remark 2.7, c) and g n u → g, Remark 2.2, a), assures us that lim n→∞ H(g n (Λ(I)), g(Λ(I))) = 0. Since g n (Λ(I)) ∈ P cp (X) and g(Λ(I)) ∈ P cp (X) (because (Λ(I), d Λ ) is compact and the functions g and g n are continuous), Remark 2.2, b), leads to the conclusion that B 1 is compact. Now, let us consider ε > 0.
As the continuos functions of the finite family (f i ) i∈I are uniformly continuous on the compact set B 1 , there exists δ ε > 0 such that
provided that i ∈ I and x, y ∈ B 1 , d(x, y) < δ ε . Moreover, since lim
for every n ∈ N, n ≥ n ε . Therefore
for every ω ∈ Λ(I) and every n ∈ N, n ≥ n ε . Making use of (1), we infer that g n (ω), g(ω) ∈ B 1 , so
for all ω ∈ Λ(I), i ∈ I and n ∈ N, n ≥ n ε . Finally we have
The main results
Theorem 3.1. The operator G S associated to a ϕ-max-IFS S is a Picard operator.
Proof. Let us suppose that S = (X, (f i ) i∈I ).
We are going to prove that
for every g, h ∈ C. Indeed, we have
for every g, h ∈ C. Taking into account Remark 2.17, a), Proposition 2.21 and (1), based on Theorem 2.6, we conclude that G S is a Picard operator.
Theorem 3.2. The fractal operator F S associated to a ϕ-max-IFS S is a Picard operator.
Proof. Let us suppose that S = ((X, d), (f i ) i∈I ). According to Theorem 3.1, G S has a unique fixed point g 0 ∈ C.
First we consider the case that I has at least two elements.
Justification of claim 1. Since (Λ(I), d Λ ) is compact (see Remark 2.7, c) and g 0 is continuous, we infer that g 0 (Λ(I)) is a compact subset of X.
) for every i ∈ I and every ω ∈ Λ(I). Consequently
for every i ∈ I.
S (K) = g 0 (Λ(I)) for every K ∈ P cp (X). Justification of claim 3. For every g ∈ C, we have lim
Proposition 2.11 assures us that for every K ∈ P cp (X), there exists g K ∈ C such that g K (Λ(I)) = K and from (2) we infer that lim S (A) = g 0 (Λ(I)). Therefore, the uniqueness of the limit of (F
[n]
S (A)) n∈N implies that A = g 0 (Λ(I)). Based on the above claims we conclude that F S is a Picard operator whose fixed point is g 0 (Λ(I)).
If I has just one element, let us say I = {i}, then we consider j = i and apply the above considerations to the system
, where
′ is a Picard operator, so F S is also a Picard operator.
In view of Remark 2.14, we get the following:
Theorem 3.3. The operator G S associated to an IFSCC S is a Picard operator. Proof. By virtue of Theorem 3.3, there exists a unique g 0 :
for every i ∈ I and every ω ∈ Λ(I). Therefore, using (1), we get
for every θ, ω = ω 1 ω 2 ...ω n ω n+1 ... ∈ Λ(I) and every n ∈ N.
2 n for every n ∈ N, we infer that lim
for every θ, ω = ω 1 ω 2 ...ω n ω n+1 ... ∈ Λ(I). On the one hand, from (3), using the continuity of g 0 , we obtain that lim n→∞ d(g 0 (ω 1 ...ω n θ), g 0 (ω)) = 0, which, based on (2), takes the following form:
for every θ, ω = ω 1 ω 2 ...ω n ω n+1 ... ∈ Λ(I). On the other hand, taking into account Theorem 2.16, we have
for every θ, ω = ω 1 ω 2 ...ω n ω n+1 ... ∈ Λ(I).
Relations (4) and (5) lead to the conclusion that g 0 = π, i.e. the fixed point of G S is the canonical projection from Λ(I) to A S . 
for every x, y ∈ X. We denote such a system by
The fractal operator F S : P b,cl (X) → P b,cl (X), associated to the ϕ-max-PIIFS S, is given by
for every B ∈ P cp (X).
Remark 4.2. We can associate to a ϕ-max-PIIFS S the operator G S : C b → C b described by G S (g) = G S,g .
Indeed, the continuity of G S,g could be prove using exactly the same arguments as those from the proof of Lemma 2.18 and the justification of its boundedness is the following:
As g is bounded, (g • R)(Λ(I)) is bounded and, in view of property a) from Definition 4.1, ∪ i∈I f i ((g • R)(Λ(I))) = G S,g (Λ(I))) is bounded, i.e. G S,g is bounded.
Proposition 4.3. The operator G S associated to a ϕ-max-PIIFS S = (X, (f i ) i∈I ) is continuous.
Proof. The proof is similar with the one of Proposition 2.21, except the justification of relations (1) and (2) from that proof which should be replace with the following one:
Since lim n→∞ d u (g n , g) = 0, there exists n 0 ∈ N such that
for every n ∈ N, n ≥ n 0 . We have g n (Λ(I)) ⊆ E 1 (g(Λ(I)))
for every n ∈ N, n ≥ n 0 . Indeed, for every ω ∈ Λ(I) and every n ∈ N, n ≥ n 0 , we have d(g n (ω), g(ω))
< 1, so g n (ω) ∈ {y ∈ X | d(y, g(ω)) < 1 2 } and consequently g n (ω) ∈ E 1 (g(Λ(I))).
According to b) from the Definition 4.1, as B 1 is closed and bounded (since g(Λ(I)) is bounded as g is bounded), there exists δ ε > 0 such that
provided that i ∈ I and x, y ∈ B 1 , d(x, y) < δ ε .
Theorem 4.4. The operator G S associated to a ϕ-max-PIIFS S is a Picard operator.
Proof. The proof is identical with the one of Theorem 3.1.
Open problem. Is it true that the fractal operator F S associated to a ϕ-max-PIIFS S is a Picard operator whose fixed point is the image of the fixed point of G S ?
If the answer to this question is true, then the image of the fixed point of G S would deserve to be called the attractor of the ϕ-max-PIIFS S.
